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Abstract
A five-dimensional cosmological model including a single perfect fluid is studied in the framework
of dynamical system analysis. All the critical points of the system with their stability properties are
listed and some representative phase diagrams are explicitly shown. It is found that the stabilization
of the extra dimension is possible and the observed flatness of the three-dimensional space is provided
for certain ranges of the equation of state parameter of the fluid during the evolution of the universe.
The model suggested here can be considered as a simplified model for examining the possible effects
of the extra dimensions in the early universe.
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I. INTRODUCTION
The idea of extra dimensions dates back to the original proposals of Kaluza and Klein
([1, 2], and see [3] for a review) to unify the two known successful classical theories of their
time, electromagnetic theory with the Einstein’s general relativity by introducing a compact
fifth dimension. After a long interlude, starting at seventies, the revival of interest in extra
dimensions started with the formulation of theories which are considered as the candidates for
being fundamental theories of matter and interactions, like string theory, which are formulated
in more than three space dimensions, and the presence of these extra dimensions in these
theories are forced by the mathematical consistency unlike the original proposal of Kaluza-
Klein. Another attempt with the use of extra dimensions was the so called brane-world models
[4–8] motivated by the string/M-theory to solve particularly the hierarchy problem, based
on the existence of the possibility of non-compact extra dimensions. The observation of the
accelerated expansion of the universe [9, 10] is another subject attracting much attention, and
the machinery of the extra dimensions are used in this context also [11–13]. The framework
of universal extra dimensions is another way of using the extra dimensions in the cosmological
setting to account for the amount and nature of dark energy [14, 15].
Dynamical system approach is a powerful mathematical method to extract information about
the global dynamics of a system whose evolution can be described by an autonomous system of
differential equations. Equations describing the dynamics of the universe can also be cast into
the form of dynamical systems by suitable choice of parameters (See [16] and references therein)
for the model being considered. This method provides a tool for investigating cosmological
models through the use of phase space analysis by considering critical points, their stability,
attractor behaviour, etc. This kind of analysis can then help one to see whether the model
under consideration can provide a time evolution which is reasonable and consistent with the
observed properties of the universe, and this may lead to restrict free parameters of the model,
and even eliminate some models of the universe.
In this paper we will consider a five-dimensional cosmological model containing a single
perfect fluid by applying the methods of the dynamical system analysis. The model can be
considered as a toy model to be applied to the early evolution of the universe because it is
more reasonable to consider the possible effects of the extra dimensions in the early universe
than its late-time dynamics. The fluid that we consider can be radiation or a cosmological
constant-like, and we consider how the presence of such a perfect fluid with different equation
of state parameters affects the curvature of three-dimensional space, the evolution of the extra
dimension. We particularly considered whether the stabilization of the extra dimension [17, 18]
is possible and the observed flatness of the three-dimensional space can be provided regardless
of its initial value in this setting.
The paper is organized as follows: in Section II, we present the set-up of the model, field
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equations, and the autonomous system. In Section III, the critical points and the conditions for
their stability are presented together with their physical meanings. In Section IV, some cosmo-
logically interesting and relevant cases are considered, and the Section V is for the concluding
remarks.
II. SET-UP
We consider a (1+3+1)-dimensional anisotropic universe described by the FRW-type metric
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2θ dφ2)
]
+ b2(t) dy2 (1)
where a(t) is the scale factor of the 3-dimensional part of the space, y and b(t) are the coordinate
and the scale factor of the extra spatial dimension, respectively, which has the topology of S1.
In this setting we keep the curvature of space to see its role on the evolution of this higher
dimensional model (if any).
Assuming also that the dynamics of such a universe is governed by the generalization of
4-dimensional Einstein gravity, the field equations are obtained from
GAB = κ5 TAB , (2)
where A,B = 0, 1, 2, 3, 5 and κ5 is the 5-dimensional gravitational constant which is related
to the 4-dimensional gravitational constant in the case of a compactified extra dimension with
radius r5 as
κ5 =
κ
2pir5
. (3)
In this spacetime we will consider a single perfect fluid which is described by an energy-
momentum tensor of the form
TAB = diag[−ρ, p, p, p, p5] (4)
where the pressure along the three conventional directions is p = ωρ and along the extra
dimension p5 = ω5ρ, with ω and ω5 as the equation of state (EoS) parameters.
Using Eq.(1) together with Eq.(4) in Eq.(2), we derive the Friedmann equations
3
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Defining a˙/a ≡ H and b˙/b ≡ h which are the Hubble parameters of the three dimensional
observed space and that of the extra dimension, the field equations can be cast into the form
3H2 + 3Hh+ 3
k
a2
= κ5ρ
−2H˙ − 3H2 − 2Hh− h˙− h2 − k
a2
= κ5(wρ)
−3H˙ − 6H2 − 3 k
a2
= κ5(w5ρ) .
(6)
Dividing both sides of the first equation in Eq.(6) by 3H2 and switching to dimensionless
parameters Ωρ, Ωc and Ωh, we can rewrite it as
1 + Ωh + Ωc = Ωρ (7)
where
Ωρ =
κ5ρ
3H2
, Ωh =
h
H
, Ωc =
k
a2H2
. (8)
The set of autonomous equations encoding the time evolution of the system in terms of the
dimensionless cosmological parameters are obtained from Eq.(6) and Eq.(8)
Ω′ρ = Ωρ
[
(1− 3w) + 2w5 Ωρ − (1 + w5)Ωh
]
Ω′h = 1− Ω2h + Ωc + (2w5 − 3w)Ωρ + w5 Ωρ Ωh + Ωc Ωh
Ω′c = 2Ωc
[
Ωc + w5 Ωρ + 1
] (9)
where prime denotes derivative with respect to N ≡ ln a. Making use of Eq.(7) we reduce
the number of independent variables to two. In order to focus on the behavior of Ωh and Ωc,
we eliminate the dimensionless energy density parameter Ωρ of the five-dimensional fluid and
obtain the system
Ω′c = 2Ωc
[
Ωc + w5(1 + Ωc + Ωh) + 1
]
Ω′h = 1− Ω2h + Ωc(1 + Ωh) + (1 + Ωc + Ωh)
[
(2 + Ωh)w5 − 3w
]
.
(10)
III. CRITICAL POINTS AND STABILITY ANALYSIS
The autonomous system in Eq.(10) has four critical points listed in Table (I).
Before considering the physical interpretation of these critical points, we first introduce the
specific concept of bifurcation diagrams used in dynamical system analysis application of which
is necessary in the following.
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Working on dynamical systems, bifurcation diagrams appear as crucial tools that demon-
strate how the control parameters (if, available) in a system affect the stability properties of the
fixed points and the consequent solution curves. Such diagrams become relevant to our work
when we look at Table (I) for the conditions that determine the characters of points A,B,C, and
D. Depending on the values of w and w5, the resulting eigenvalues here change the behavior
and the physical interpretation of the steady states completely. Conventionally, these diagrams
are given in the form of critical point versus control parameter plots to ensure clear represen-
tation of the relation pattern in between. Since there are two independent parameters in our
model that are w and w5, we obviously need three dimensional versions of the above defined
bifurcation diagrams. However the w − w5 plane with color-coded stability in Fig.(1) suffices
to manifest the dynamics of our system so for the purpose of simplicity, we avoid the usage
of a rather complicated three dimensional diagram in this context. Accordingly, the generic
notion of bifurcation point is replaced by two dimensional objects which we will call bifurcation
curves. Inspired from the two dimensional bifurcation diagrams, they correspond to the curves
that form the border lines of possible stability characters at fixed points.
In the light of above considerations, we investigate the four critical points in the model as
listed in Table (I). The main interest here is in the physical interpretation of the fixed points;
thus, each will be studied in terms of its cosmological aspects in detail. In order to avoid loss of
generality, we impose no constraints on the values of Ωh and Ωc initially but instead study the
evolution of the system under two main cases where Ωc < 0 and Ωc > 0 the reason of which will
be clear in the next section with discussion of flat universe case, i.e. Ωc = 0. While investigating
the appropriate EoS parameters, we mainly restrict ourselves to the range −1 ≤ w,w5 ≤ 1 for
compatibility purposes.
• Point A corresponds to a flat universe, and it is either an unstable node or a saddle node
depending on the values of EoS parameters given under stability conditions in Table (I).
Its stability is interchangeable with Point C via transcritical bifurcation. Bifurcation
curve here obeys the equation w5 = 3w − 2 consistently with the plots in Fig.(1a).
Physically, the state corresponds to a moment dominated by the contraction of the fifth
dimension with Ωh = −1, Ωc = 0 and Ωρ = 0. In a recent work [19] it appears as one
of the Kasner-type solutions to the set of differential equations governing the time evolu-
tion of both Hubble parameters in a flat, five dimensional universe under the additional
constraint h(t) = cH(t) where c is a constant and which corresponds to Ωh = c in our
case.
• Point B indicates a negatively curved universe over the entire plane in Fig.(1b) and its
stability depends only on w defined along the three spatial coordinates. For w < −1/3
it appears as a saddle node to allow vanishing curvature in cases where Point C is the
attractor instead. As also implied by the Friedmann equation, fluids with w < −1/3 can
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TABLE I: Critical points of autonomous system given in Eq.(10).
# Ωc Ωh Eigenvalues Condition Character
A 0 −1
λ1 = 2 w5 > 3w − 2 Unstable node
λ2 = w5 − 3w + 2 w5 < 3w − 2 Saddle node
B −1 0
λ1 = −2 w > −1/3 Stable node
λ2 = −3w − 1 w < −1/3 Saddle node
C 0
2w5 − 3w + 1
1− w5
λ1 =
2w5(w5 − 3w + 1) + 2
1− w5
λ1 > 0 ∧ λ2 > 0 Unstable node
λ1 · λ2 < 0 Saddle node
λ2 = −w5 + 3w − 2 λ1 < 0 ∧ λ2 < 0 Stable node
D − w5(w5 − 3w + 1) + 1
(w5 + 1)2
− 3w + 1
w5 + 1
λ1 = g(w,w5)−
√
f(w,w5)
g < 0 ∧ f < 0 Stable spiral
λ1 < 0 ∧ λ2 < 0 ∧ f ≥ 0 Stable node
λ2 = g(w,w5) +
√
f(w,w5)
λ1 · λ2 < 0 ∧ f ≥ 0 Saddle node
g > 0 ∧ f < 0 Unstable spiral
f(w,w5) =
3
[
4(w5)2(2w + 1)− 4w5(6w2 + w − 1) + 3(w + 1)2
]
4(w5 + 1)2
g(w,w5) =
3w − 2w5 − 1
2(w5 + 1)
overcome curvature. The equation w = −1/3, therefore, represents again a transcritical
bifurcation curve between points B and D.
On the other hand, the patch with Point B as the attractor in Fig.(1b) well satisfies the
stabilization condition with Ωh = 0. However one should be careful here because this also
means our single component universe will evolve to a negative-curvature spacetime and
there exists no analogous attractor to this point for the case of a closed universe.
• Point C is the only fixed point at which both the flatness condition and the stabilization
of the extra dimension can be achieved simultaneously. The universe appears flat for all
the EoS parameters due to the constant Ωc in Table (I), but exact stabilization occurs
only on the line 2w5− 3w+ 1 = 0 as also expressed in [15] while solving field equations in
the context of a static extra dimension with b˙ = b¨ = 0. Within the plane −1 ≤ w,w5 ≤ 1,
Point C as an attractor can never satisfy Ωh = 0. Therefore it is necessary to allow
w5 < −1 and impose the condition w < −1/3 so that the system goes into a state with
both stabilized extra dimension and vanishing curvature. Again, another Kasner-type
solution 1 obtained in [19] appears at this point as one of the states that may naturally
be achieved along the time evolution of the autonomous system in Eq.(10) for which the
solution curves reach Point C asymptotically.
1 In [19], c3 =
1−3w+2w5
1+(n−1)w−nw5 where c3 = Ωh in our case and n = 1.
6
-1 -0.5 0.5 1
w
-1
-0.5
0.5
1
w5
(a) Point A
-1 -0.5 0.5 1
w
-1
-0.5
0.5
1
w5
(b) Point B
-1 -0.5 0.5 1
w
-1
-0.5
0.5
1
w5
(c) Point C
-1 -0.5 0.5 1
w
-1
-0.5
0.5
1
w5
(d) Point D
FIG. 1: Stability analysis of the critical points with respect to EoS parameters. White curves between
regions represent bifurcation curves. Green : Stable node, Blue : Saddle node, Red : Unstable
node, Purple : Stable spiral, Gray : Saddle node. There is no constraint on characters of points
A,B, and C. As for Point D, the gray region is valid for Ωc > 0, while the rest exists for Ωc < 0 .
This particular fixed point has two transcritical bifurcations one of which occurs on the
curve w5(w5 − 3w + 1) + 1 = 0 with Point D and the other on the line w5 = 3w− 2 with
Point A.
• Point D is the most intriguing critical point in terms of its stability properties. As
mentioned above, the first bifurcation associated with Point D occurs with Point C.
The other one appears in the form of Hopf bifurcation in which the eigenvalues of a
critical point pass through the imaginary axis to produce periodic solutions. The equation
f(w5, w) = 0 yields the bifurcation curve within Point D and the sign of f(w5, w) together
with that of g(w5, w) serves to set the stability conditions for the cases of stable and
unstable spirals.
Further analysis of the point shows that even though such behavior is allowed mathe-
matically, it cannot be a proper attractor physically for requiring w < −1/3 whereas
all the Ωh = 0 states we expect to obtain for stabilization lie along the bifurcation line
w = −1/3. For the special case of w > 1 and w5 > 1 that is outside the plane in Fig.(1d),
the point becomes an unstable spiral.
IV. COSMOLOGICALLY INTERESTING SOLUTIONS
In our five-dimensional model, we investigate the possibility of obtaining an epoch where the
extra-dimension reduces in size down to non-observable scales and gets stabilized to reach Ωh=0
asymptotically. We try to find the correct combinations of w, w5, i.e., the appropriate five-
7
TABLE II: Cosmologically interesting cases listed together with the stability characters of points A,B,C and
D at the corresponding locations on the w,w5 plane. The stability properties written in bold are
labeled forbidden for they allow Ωh ≥ 0.
Quadrant Point A Point B Point C Point D
Isotropic Fluid
(w = w5)
First
Unstable node
Stable node
Saddle node
Saddle node
Third Saddle node
Stable node
Stable node
None
None Saddle node (Ωc > 0)
Stabilization of Extra
Dimension
(1 + 2w5 − 3w = 0)
First
Unstable node
Stable node Saddle node Saddle nodeFourth
Third
Thirda
Saddle node Stable node None
None Stable node Saddle node (Ωc > 0)
Highly-Relativistic Fluid
(w5 + 3w = 1)
First
Unstable node
Stable node
Saddle node
Saddle node
Fourth
Saddle node Unstable node
a Outside the zone −1 ≤ w,w5 ≤ 1 for w < −1/3 and w5 < −1
dimensional fluid that would allow the stabilization of the fifth dimension and, simultaneously,
prepare the background of standard cosmology.
In order to point out the solutions of physical interest, we look at the three main categories
labeled isotropic fluid, stabilization of extra dimension, and highly-relativistic fluid in Table
(II) where each case is given together with the line it represents on the w−w5 plane. Focusing
on the attractors available to the mentioned categories above, we describe the evolutionary
patterns accessible through the dynamical analysis of higher dimensional field equations with
our specific choice of variables in Eq.(8)
1. Non-zero Pre-Inflationary Curvature
While analyzing the fixed points, we have come across the result that stabilization is possible
at the expense of allowing a curvature dominated epoch along the time evolution of an open
universe. However, this is not the case for a closed universe as seen in Fig.(2a) where all
solutions diverge for Ωc > 0.
In attempt to minimize the viable interval, the EoS parameters may be chosen such that
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FIG. 2: Phase planes of the system in Eq.(10) for three sample sets of EoS parameters. Blue, green and red
curves represent solutions in open, flat and closed universes, respectively. Purple line in the third
diagram is the inflationary solution in a four dimensional universe. In all diagrams solution curves
below the line Ωh + Ωc = −1 are forbidden due to the fact that Ωρ < 0 in those regions.
they obey [15]
3w + w5 = 1 (11)
on the w − w5 plane, pointing at a highly relativistic fluid as one would expect to see, for
instance, before the early inflation. Even more specifically, if we were to seek a completely
isotropic universe in four spatial dimensions, we could also study the combination w = w5 = 1/4
on the line given in Eq.(11), obeying [15]
p =
ρ
3 + n
(12)
with n = 1 for a single extra dimension and obtain the evolutionary diagram in Fig.(2a).
Unless an additional mechanism is introduced, radiation as the sole component here leads to a
curvature dominated epoch for the case Ωc < 0. In other words, this phase ends with negatively
curved space and one stabilized extra dimension.
Solution curves below the line Ωh + Ωc = −1 in Fig.(2a) are forbidden due to the fact that
Ωρ < 0 in those regions which implies the violation of the weak equivalence principle.
2. The Range of EoS Parameters for Stabilization and Flatness
Allowing w5 < −1 and w < −1/3, we succeed in obtaining a flat universe with stabilized
extra dimension as represented in Fig.(2c) for a sample set of w,w5. The curves emerge from
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(Ωh,Ωc) = (−1, 0) where both Hubble parameters are equal in magnitude, then move towards
a negative-curvature dominated epoch as the fifth dimension shrinks in size and reach the point
(Ωh,Ωc) = (0, 0) asymptotically to match the requirements of standard cosmology. Triangular
region in Fig.(2c) with convergent solutions for k = −1 exists invariably for the range of w,w5
values in question. We are able to obtain this behavior through only a specific set of initial
conditions obeying Ωc + Ωh ≥ −1 which also ensures that Ωρ ≥ 0.
As for the case of positively curved space, initial values that give convergent curves depend
on EoS parameters since the flow alters due to saddle point given as (Ωc = 3,Ωh = −2) in
Fig.(2c), that is, number of such solutions increase with decreasing w,w5 values.
3. An Invariant Manifold: Flat Universe
Invariant manifolds are objects that divide phase spaces into distinct parts. They possess
the feature of limiting the impact of an attractor to a region which is usually called the basin of
attraction. In the presence of such manifold(s), a fixed point of the system cannot be a global
attractor unless it appears on the (common intersection of) invariant manifold(s) in question.
In our system, the line Ωc = 0 which is illustrated with green solution curves in Fig.(2), is
a parameter-free invariant manifold representing a flat universe. One can predict this behavior
even prior to the analysis of the dynamical system due to the fact that the curvature index, k,
in Ωc term is a constant discrete parameter forbidding transitions between positive and negative
curvatures. Therefore, if the universe starts to evolve with a preferred curvature, it either stays
exactly in the same state or becomes almost flat, i.e., no evolutionary path crosses the line with
zero curvature.
On this invariant manifold Eq.(10) reduces to a one dimensional autonomous system or, in
other words, to a single differential equation,
dΩh
dN
= m(1 + Ωh)(n+ Ωh) (13)
where m = w5 − 1 and n = (1 + 2w5 − 3w)/(w5 − 1). The fixed points of this one dimensional
system are −1 and −n. However, this is an exactly solvable differential equation solution of
which is obtained in the following form∣∣∣∣ 1 + Ωhn+ Ωh
∣∣∣∣ = ( aao
)m(n−1)
(14)
where ao is an integration constant. Further calculations for writing Ωh explicitly in terms of
the scale factors and their derivatives give the solution
b(t) =
bo
ano
([
a(t)
ao
]−(1−w5)
+
[
a(t)
ao
]1+2w5−3w )1/(1−w5)
(15)
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defined in the region Ωh ∈ (−1, 1) where bo is another integration constant. Assuming a(t) is
an increasing function of time, let us examine the two special cases mentioned in the previous
sections. For an isotropic fluid, w = w5, Eq.(15) becomes
b(t) = bo ao
([
a(t)
ao
]−(1−w5)
+
[
a(t)
ao
]1−w5 )1/(1−w5)
. (16)
As t → ∞ and provided that 1 − w5 > 0, the scale factor b(t) will have the same rate of
increment as a(t), i.e. b(t) ≈ bo a(t), followed by an initial period of contraction. As for the
case that satisfies both the compactification and the stabilization of the extra dimension, with
1 + 2w5 − 3w = 0, the solution is
b(t) = bo
([
a(t)
ao
]−(1−w5)
+ 1
)1/(1−w5)
(17)
which indicates that the final size of the fifth dimension turns out to be bo as t → ∞. This
expression gives a particular solution analyzed in [12, 15] where the extra dimension is assumed
to be stabilized. Another particular solution of the form b = 1/aq was studied in [12] which is
again the limiting case of Eq.(17) as t→ 0 and for q = 1.
Now let us compare our results for a flat universe with the effect of the curvature by using
phase planes given above. Looking at green curves in Fig.(2a) and Fig.(2b), we see identical
flow directions both of which belong to an isotropic flat universe. On this invariant manifold,
under the condition 1 − w5 > 0, repeller and attractor points are seen to be Ωh = −1 (Point
A) and Ωh = 1 (Point C), respectively. It is noteworthy to point out that the eigenvalues for
these critical points in one-dimension are λ = ±2(1 − w5) which, not surprisingly, appear as
exponents in Eq.(16) to determine the time evolution of the scale factor b(t). Depending on the
characters of these fixed points, b(t) will either tend to zero or become linearly proportional to
a(t) as mentioned before. On the other hand, if we change the curvature index from k = 0 to
k = −1, phase diagrams in figures become two dimensional and we obtain a very different result
in Fig.(2a) as the radiation component gives solutions in which the stabilization is achieved.
In Fig.(2b), the attractor remains unaltered and solution curves produce the same final picture
as the invariant manifold for the case of a cosmological constant dominated universe. Thus,
we see that while the stabilization of extra dimension cannot be achieved for an isotropic flat
universe, it is possible to obtain such an outcome with the addition of the curvature term as
long as w > −1/3.
As for the diagram in Fig.(2c), the attractor with Ωh = 0 implies that the solution (green
curve) evolves to a state of stabilized extra dimension. If we use the condition, 1+2w5−3w = 0,
together with λ2 in Table (I) for points A and C, we see that this result remains valid for
w,w5 < 1. On the other hand, for the cases where w > 1, the scale factor of extra dimension
tends to zero as the flow direction alters due to the stability interchange of the critical points
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which can also be checked from Eq.(17). Similar to isotropic cases mentioned above, if we
add the curvature component to the system, we obtain solutions that realize both flatness and
stabilization of extra dimension under the condition w < −1/3 and w5 < −1. It seems that
addition of the curvature term directly affects the EoS parameter for this specific choice of
attractor behavior. If the universe is already flat, then EoS parameters, for instance, can be
w5 = 0 and w = 1/3 in order to obtain the desired solution. However, if the universe is not
initially perfectly flat, then the condition on EoS parameters inevitably becomes w < −1/3
and w5 < −1.
V. CONCLUSION
The idea that the (1+3)-dimensional universe we observe today could be part of a higher
dimensional spacetime and could have emerged from it through a compactification mechanism
seems to be quite an attractive approach. Indeed, the cosmological evolution of extra dimensions
can play a role in both early and late phases of the universe. For example in [20] the idea of
anisotropic extra dimensions is used to solve the horizon problem. Furthermore, the contibution
of the cosmological evolution of extra dimensions to the dynamics of the universe is considered
in literature to address also the current accelerated expansion of the universe [12, 13, 18, 21–23]
and to account for the amount and nature of the dark matter by bringing the Kaluza-Klein
tower of the particles [15, 19] to the stage. Mathematically all these attempts can work in some
way or other because adding new degrees of freedom to the (1+3)- dimensional cosmological
settings by considering the evolution of extra dimensions allows one to obtain cosmologically
viable scenarios. The fundamental coupling constants (for example G) may change with the size
of the extra dimensional space, and, thus, there are strong constraints coming from cosmological
observations forcing that the extra dimensions must be both compactified and stabilized before
the nucleosynthesis (BBN). In fact, in [24] some extra dimensional models are shown to be
equaivalent to a class of Brans-Dicke theories which are observationally ruled out. There are
still alternative ways of invoking extra dimensions to explain the accelerated expansion of the
universe [25–31] by evading cosmological constraints with the use of additional ingredients. But
the strategy that we follow in this paper is mostly different from all these approaches in that
the main concern of our study is how to apply the idea of the presence and evolution of an
extra dimensional model to early universe.
In this work we have considered the cosmological evolution of a five-dimensional universe as
a simplified model of the early universe. The time evolution of the model is investigated in the
framework of dynamical system analysis: all the critical points of the system are determined and
their stability properties are examined according to the various ranges of EoS parameters w, w5
of the perfect fluid included in the model. The main emphasis is on the classical stabilization
of the extra dimension together with the time evolution of Ωc of the three spatial dimensions,
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namely whether the flatness of the model be provided irrespective of its initial value. All these
cosmologically relevant cases are summarized in Table (II). An interesting observation is that
an isotropic perfect fluid in five-dimensional universe with equation of state parameters w = w5
(including the special case of radiation w = w5 = 1/4) can lead to the stabilization of extra
dimension and provide a negatively-curved four-dimensional spacetime (Point B). The model,
in this sense, can be issued for investigating the dynamics of the early universe.
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